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Abstract

We consider a linear second order parabolic system with a third order dispersion term.
This type of system arises when considering a nonlinear model equation describing the motion
of a vortex filament with axial flow immersed in an incompressible and inviscid fluid. We
prove the solvability of an initial-boundary value problem of the parabolic-dispersive system
which allows application to the motion of a vortex filament. To do so, we propose a new
regularization technique by adding a space-time derivative term.

1 Introduction

In this paper, we prove the unique solvability of the following initial-boundary value problems.
For o < 0,

U = QUgzy + A(w,0)u+ f, =>0,t>0,
(1.1) u(z,0) = up(x), x>0,
u,(0,t) =0, t > 0.

For a > 0,

Ut = QUzgy + A(w,0;)u+ f, >0,t>0,

’LL(J},O) = u0($)7 x>0,
(1.2) u(0,t) = e, t>0,
u,(0,t) =0, t > 0.
Here, u(z,t) = (u!(x,t),u?(x,t),--- ,u™(x,t)) is the unknown vector valued function, ug(z),

w(z,t) = (w'(z,t),w?(x,t), - ,wF(z,t)), and f(z,t) = (f'(x,t), f2(z,t), -, f™(x,t)) are
known vector valued functions, e is an arbitrary constant vector, subscripts denote deriva-
tives with the respective variables, A(w,d,) is a second order differential operator of the form
A(w, ;) = Ag(w)0? + A1 (w)d, + Ag(w). Ag, Ay, Ay are smooth matrices and A(w,d,) is
strongly elliptic in the sense that for any bounded domain E in RF, there is a positive constant
0 such that

inf {Ao(w) + Ag(w)"} > a1,
we

where I is the unit matrix and * denotes the adjoint of a matrix. The equation is a second order
strongly parabolic equation with a third order constant coefficient dispersion term. This type of
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equation comes up when analyzing a model equation describing the motion of a vortex filament
with axial flow. A vortex filament is a space curve on which the vorticity of an incompressible
and inviscid fluid is concentrated. The authors are especially interested in the following initial-
boundary value problems for the motion of a vortex filament.

v = v xvss+a{vsss—|—%vss X (v xvs)—i—%vs X ('vx'vss)}, s>0,t>0,
(1.3) ¢ v(s,0) = vp(s), s >0,
v5(0,) = 0, t>0,

vt:vxvss+a{vsss+%vssx(vxvs)+%vs><(vxvss)}, s>0,t>0,

’U(S,O) = ’1)0(8), s >0,
(1.4) v(0,t) = es, t >0,
'Us(oyt) = 07 t> 0,

where v = (v!(s,t),v?(s,t),v3(s,t)) is the tangent vector of the filament parameterized by its
arc length s at time ¢, esg is the unit upward vector, x is the exterior product in the three
dimensional Euclidean space, and « is a real constant describing the magnitude of the effect of
axial flow. As far as the authors know, there are no results on initial-boundary value problems
for the above equation. In Nishiyama and Tani [4], they proved the unique solvability globally
in time of the Cauchy problem in Sobolev spaces. Onodera [5, 6] proved the unique solvability
of the Cauchy problem for a geometrically generalized equation. Segata [8] proved the unique
solvability and showed the asymptotic behavior in time of the solution to the Hirota equation,
given by

) 1 )
igt = quo + §!q\2q +ia( = Guaz + |9 a2),

which can be obtained by applying the Hasimoto transformation to the vortex filament equa-
tion. Although there are many literatures regarding Schrodinger type equations, for (IL4]), the
boundary condition does not transfer into a form that is manageable, so we decided to work
with the vortex filament equation directly.

Using the fact that a smooth solution satisfies |v| = 1, linearizing around w, and neglecting
lower order terms, we obtain

Ve =w X’l)ss+()é{vsss+3vss X (w st)}+f

We note that the second order derivative terms have skew-symmetric coefficients, so if we reg-
ularize the equation with a second order viscosity term, we have a parabolic-dispersive system
given by

(15) Vit = QUgg5 + {(5’055 +w X Vgg + 3&’055 X (’lU X ws)} + .f7

and the solvability of the initial-boundary value problem for the above system plays a crucial
role in solving (L3]) and (L4). This is our motivation for considering (LI) and (L2]). The
application of the results of this paper to the vortex filament equation will be considered in a
forth coming paper.

At first glance, one may think that (L5]) can be treated by using known results of KdV and
KdV-Burgers equations such as Hayashi and Kaikina [2], Hayashi, Kaikina, and Ruiz Paredes
[3], or Bona and Zhang [I]. This seems hard to do because the vortex filament equation in (3]
and (I4)) has second order derivatives in the nonlinear term and the linear estimates obtained



in the KdV and KdV-Burgers theory is not enough to treat the nonlinear term as a regular
perturbation. Thus, a need for a new technique arose.

Our method to prove the solvability of (ILT)) and (L2)) is parabolic regularization. For (L2)),
we can regularize the equation with a fourth order viscosity term, making it a standard parabolic
system. We can not do this for (II) because a fourth order parabolic equation requires two
boundary conditions to solve, but our original problem imposes only one boundary condition.
Thus, a standard regularization can not be applied to (II)). To prove the unique solvability of
(L), we introduce a new type of regularization, namely, we consider the following regularized
problem.

U = & (Ugy — eug), + A(w,0;)u+g, =>0,t>0,
(1.6) u(z,0) = up(x), x>0,
u,(0,t) =0, t >0,

where € > 0. To construct the solution of the above system, we first consider the following
problem.

U = (Ugy —Uy), +g, > 0,t>0,
(1.7) u(z,0) = up(x), x>0,
uz(0,t) =0, t>0,

(LH) is a parabolic regularization of (II]) and the principle terms are the terms in parenthesis.

In fact if we substitute u(z,t) = e™* into u; = a (uz, — euy),, we obtain the dispersion

relation 7 = —a(£2 + e7)i&, so that for a non-trivial solution to exist, we need
5 a?egt
T=———5>5,
1+ a2e2¢?

which indicates that the equation is parabolic in nature.

Because the proof for the case v > 0 is fairly standard, we concentrate on the case o < 0,
and give a remark on the case a > 0 at the end.

The contents of this paper are as follows. In section 2, we define function spaces and notations
that are used in this paper. In section 3, we look at the compatibility conditions and the
necessary corrections to the given data required for the regularized system. Then in section 4,
we construct and estimate the solution to the regularized system. In section 5, we construct and
estimate the solution of the parabolic-dispersive system in appropriate function spaces and give
our main theorem of this paper. Finally in section 6, we give a remark on the case o > 0.

2 Function Spaces

We define some function spaces that will be used throughout this paper, and notations associated
with the spaces. For an open interval €2, a non-negative integer m, and 1 < p < oo, W"P(Q)
is the Sobolev space containing all real-valued functions that have derivatives in the sense of
distribution up to order m belonging to LP(Q) and W"™P(Q) is the homogeneous Sobolev space.
We set H™(Q) := W™2(Q) as the Sobolev space equipped with the usual inner product and
H™(Q) := W™2(Q). We will particularly use the cases Q@ = R and Q = R, where R, = {z €
R;x > 0}. When Q = R, the norm in H™() is denoted by || - ||, and we simply write || - || for
|| - llo. Otherwise, for a Banach space X, the norm in X is written as || - || x. The inner product
in L?(R) is denoted by (-,-) and the inner product in L?(R) is denoted by (-, -).



For 0 < T < oo and a Banach space X, C™([0,T]; X) denotes the space of functions that
are m times continuously differentiable in ¢ with respect to the norm of X.
We define the Sobolev—Slobodetskii space. For 0 < T' < oo, we denote Qr := Ry x (0,T)

and for h > 0 and a positive integer I, we define the space Hfl’l/ 2(QT) as the space of functions
defined on Q7 with finite norm

2
= |llu
a0

(Qr) @r)’

2 .
02

2
+ || |u
0

where

T
Nl oy = [ & 1)
1O Q) T,
2 l T 2ht 2
el s gy = A e )

2
o [ [t o) 9t
0 0

. —1-1+2[4] ‘

9t/ 9t/ ‘ " drdt,

[é] is the integer part of é and ug is the extension of u by zero into t < 0 if é is not an integer.
When é is an integer,

2

1/2
0'*u gt

8tl/2

T
el gy = [ &7 | BluG 0P + | S0
h 0

(Q1)

and we also impose that aatf(a; 0) =0 for j =0,1,... ,% — 1. When T = oo, the following

equivalent norm for the space H}’ L/ ?(Qso) will be used.

ITIl idn,

2
gy = 3 [ |5t

where a tilde denotes the Laplace transform in ¢ defined by

&(:17,7'):/ e Thu(x, t)dt,
0

where 7 = h 4 in with h > 0. The equivalence is shown in Solonnikov [9].
For any function space described above, we say that a vector valued function belongs to the
function space if each of its components does.

3 Compatibility Conditions

We will construct the solution of (II]) by taking the limit ¢ — 0 in the following regularized
system.

U = —QEUL + QUL + A(w,0;)u+g, =>0,t>0,
(3.1) u(z,0) = up(x), x>0,
u;(0,t) =0, t>0.

Since the derivation of the compatibility conditions for the regularized system is complicated
and the required corrections for the given data is not standard, we devote this section to clarify
these matters.



3.1 Compatibility Conditions for (I.1])

We first define the compatibility condition for the original system (I.I]). We denote the equation
in (LLI) as

(3.2) Q(u, f,w) = auge, + A(w, dy)u + f,

and we also use the notation Q(z,t) := Q;(u, f,w) and sometimes we omit the (z,t) for
simplicity. We successively define

n—1
-1 .
(33) Qn = Oéaan_l + Z < " j > Ban—l—j + 8t 1f7
j=0

where B; = (aon('w))@% + (8gA1 (w)) 0, + & Ag(w). The above definition gives the formula for
the expression of df'u which only contains = derivatives of © and mixed derivatives of w and f.
From the boundary condition in (I.I]), we arrive at the following definition for the compatibility
conditions.

Definition 3.1 (Compatibility conditions for (I1l)). For n € N U {0}, we say that ug, f, and
w satisfy the n-th order compatibility condition for (L)) if

u0,(0,0) =0
when n =0, and

(0:Q,)(0,0) =0

when n > 1. We also say that the data satisfy the compatibility conditions for (IIl) up to order
n if they satisfy the k-th order compatibility condition for all k with 0 < k < n.

Now that we have defined the compatibility conditions, we discuss an approximation of the
data via smooth functions which keep the compatibility conditions. The function spaces we
consider for the data and solution of (II]) are the following. Let I be a non-negative integer. X'
is the function space that we are constructing the solution in, specifically,

!
xt= (Cj([O,T];H2+3(l‘j)(R+)) NHI(0,T; H3+3(l‘j)(R+))>.
j=0
As a consequence, uy will be required to belong in H 2Jr?’I(RJF). Y! is the function space that f
will be required to belong in, and is defined by

-1
vi.= {f; fe (N c(o,7]; H*¥U1=)(Ry)), dif € L*(0,T; Hl(R+))}.
j=0

Finally, Z! is the function space that w will belong in and is defined as

-1
JARES {w; w e ﬂ C’j([O,T];H2+3(l_1_j)(R+)), dlw e L™ (0,T; Hl(R+))}.
=0

Data belonging to the above function spaces with index [ are smooth enough for the /-th order
compatibility condition to have meaning in a point-wise sense, but the (I + 1)-th order compat-
ibility condition does not. By utilizing the method in Rauch and Massey [7], we can get the
following.



Lemma 3.2 Fiz non-negative integers | and N with N > 1. For any ug € H**3(R), f € Y,
and w € Z! satisfying the compatibility conditions for (LI)) up to order I, there exist sequences
{ugn}n>1 C H*BPNRL), {foln>1 C YV, and {wn}n>1 C ZY such that for any n > 1, ugy,
o, and wy, satisfy the compatibility conditions for (II)) up to order N and

U, — UQ IN H2+3Z(R+), fn— fin Y!, and w, — w in Z'.

From Lemma [B2] we can assume that the given data are arbitrarily smooth and satisfy the
necessary compatibility conditions in the proceeding arguments.
3.2 Compatibility Conditions for (3.1

In this subsection, we define the compatibility conditions for ([BI]). We write the equation in

B1) as
(34) U = —QEUL + Pl(uvng)7

in other words, Pi(u,g,w) = @y, + A(w,d,)u + g. We use the notations Pi(x,t) and Py
as we did with @ in the last subsection. Setting ¢;(x) := us(z,0) and taking the trace ¢t = 0
of the equation we have

(3.5) agd| + ¢ = Py(-,0).

A prime denotes a derivative with respect to z. Note that Pj(x,0) is expressed using given data
only. Solving the above ordinary differential equation for ¢, we have

b1 (x) = e o {¢1(0) + é /I ea%Pl(y,O)dy}.

0

Since we are looking for solutions that are square integrable, we impose that lim ¢;(z) =0, so
T—r00

we have
6(0) = -~ [~ e2Py(y,0)d
1 - oz J 1\Y, Y,
which gives
dr(x) = —— [ EEDP (0.
! ag J, ’
By direct calculation, we see that
Bi(x) = —— [ e EEI P, 0)dy
! ag J, 1 ’

where we have used integration by parts. We also note here that ¢, is expressed with given data
only. From the boundary condition in ([B]), we see that the first order compatibility condition
is

e Y
/ eas P (y,0)dy = 0.
0



In the same manner, we will derive the n-th order compatibility condition for n > 2. Taking
the t derivative of the equation in (BI]) (n — 1) times, taking the trace t = 0, and setting
¢, (x) := 0u(z,0), we have
acd), + ¢, = Op ' Py.
We denote
=0/7'P
n -— U 1-

We will prove by induction that ¢, and P,(x,0) are expressed using given data only. Since
P, = af_an_l = af_l(aumm + A(w)u + g), it holds that

(3.6) Po(,0) = ag” | Z( )Bj¢n_1_j+af—lg<-,o>.

For a n > 2, assume that ¢, and Pj(x,0) are expressed with given data for 1 < k < n — 1.
Solving for ¢,, yields
1 o

_ —L(z—y)
¢, () o e P, (y,0)dy.

This proves that P,(z,0) and ¢,, are expressed using given data only.
Again by direct calculation, we have

! 1 —i(m—y) !
ol (2) = —— 2= @Y P! (y,0)d
n(x) e/, © n(y7 ) Y,

and arrive at the n-th order compatibility condition

o0 Y
/ eas P! (y,0)dy = 0.
0

Now we can define the following.

Definition 3.3 (Comaptibility conditions for (31))). For n € N U{0}, we say that wo, g, and
w satisfy the n-th order compatibility condition for (31) if

when n =0, and
/ eas P, (y,0)dy = 0
0

when n > 1. We also say that the data satisfy the compatibility conditions for (B1]) up to order
n if the data satisfy the k-th order compatibility condition for all k with 0 < k < n. For the

definition of P, see [B.4) and (B3.6]).

We note that for ug € H 2Jr3l(RJr), f €Y' and w € Z!, the compatibility conditions up to
order | have meaning in the point-wise sense, but the (I + 1)-th order compatibility condition
does not.



3.3 Corrections to the Data

Since we regularized the equation, we must make corrections to the data to assure that the com-
patibility conditions continue to hold. Fix a large integer N and suppose that ug € H>t3N (R4),
feYY and w € ZV satisfy the compatibility conditions for (ILT)) up to order N. We will make
corrections to the forcing term so that the data satisfy the compatibility conditions for ([B.1) up
to order N. More specifically, we prove the following

Proposition 3.4 Fir a positive integer N. For ug € H**3NR,), f € YV, and w € ZV
satisfying the compatibility conditions for (LI) up to order N, we can define g € YV in the
form g = f+ h. such that wg, g, and w satisfy the compatibility conditions for B.1)) up to order
N and he -0 in YN ase — 0.

Proof. We write the equation in ([B.]) as
Uy = —aeuy, + P(x,t,0,)u +g.
Setting ¢, (x) := us(x,0) and taking the trace ¢ = 0 of the equation we have
(3.7) agdy + ¢y = P(x,0,0;)ug + f(z,0) + he(z,0).
Using the notations in ([B.2) we have P(x,0,0;)uo + f(z,0) = Q;(x,0). A prime denotes a

derivative with respect to x. As before, solving the above ordinary differential equation for ¢,
under the constraint lim ¢, (z) = 0 we have
T—00

D) =~ [ e mEI{Quw.0) + huy, 0)}dy.

We give an ansatz for the form of h., namely
N tj .
ho(z,t) = ZCmﬁ e,
§=0

where Cj., 7 = 0,1,..., N, are constant vectors depending on ¢ to be determined later. From
Definition B.3] the first order compatibility condition is

| e @0 + B0}y = o

Substituting the ansatz for h.(z,t), we have

1\ oo
CO,& <1 - _> = / eO%Qll(?LO)dy
0

ag

Since Q' (0,0) = 0 from the compatibility condition for (I.1]), we have by integration by parts

Coe = (as = 1) [~ e#Qi(y.0)dy.
0
So if we limit ourselves to 0 < ¢ < min{1,1/|«a|}, from

o= |Q(y,0)] < e7|QY(y,0)],



and for y > 0
e%|Q'1'(y,0)| —0ase—0,

we see that Cp. — 0 as ¢ — 0. We will show by induction that C,. can be chosen so that
Cij. -0for1<j<Nandg=f+ h. with ugp and w satisfies the compatibility conditions
for (BI) up to order N. Suppose that the above statement holds for 0 < j < n — 2 for some n
with 2 <n < N.

We define P, (x,0) and ¢, (z) as in subsection 3.2 and we have

1 [ee]

(3:8) Gula)=—— | e =Py, 0)dy,
ac J,

and the n-th order compatibility condition for ([B.) is

/000 eaisP;L(y, 0)dy = 0.
We rewrite this condition as
(3.9) — P},(0,0) + /OOO eas P!!(y,0)dy = 0
by integration by parts. We recall that P, (z,0) was successively defined by

P ( = a¢/// Z < >B ¢n 1— ] 8?_19(’70)7

with P1(x,0) = augzze + A(w(z,0), 0z )ug + g(x,0). Substituting (B.8) with n = j for ¢, and
using integration by parts, we have

P,(-,0) = OéPm 1+ Z ( > BjP,_1-j+ af_lg(-,o)

n—1
— as{aqﬁ%’il + Z ( " ; ! > Bj¢/n—1—j}-
=0
Also recall that
n—1
n—1 n—
Qn = Oéaan—l + Z ( j > Ban—l—j + at lf’
=0

with Q(z,0) = auozzs + A(w(z,0), 0, )ug + f(2,0). Thus, setting R, := P, — Q,,, we have

R, (z,0) = aR" Z( >BRn1J+8”1h( 0)

acfoutr 52 (1 Y}

with Ry (z,0) = h.(z,0). We prove by induction that R,(z,0) = 3" 'h.(x,0) + o(1), where
o(1) are terms that tend to zero as ¢ — 0. The case n = 1 is obvious from the definition of



R;(z,0). Suppose that it holds for Ry (z,0) for 1 < k <mn — 1. From the above expression for
R, (z,0), the assumption of induction on R,,, and the assumption of induction that C;. — 0
for 0 < j <n — 2, we see that

n—1
Ro(0) =0 ~he o) —asfaof 4+ 3 (7 B
=0

Again, from ([B.8) and Lebesgue’s dominated convergence theorem, we see that the last two
terms are o(1), which proves R, (x,0) = P,(z,0) — Q,,(z,0) = 87 'h.(z,0) 4+ o(1). Here, we
have used the fact that Py(z,0) for 1 < k < n — 1 are uniformly bounded with respect to e.
We note that from the expressions of R, (z,0) and h., the terms in o(1) are composed of terms
such that their x derivative are also o(1). Substituting for P, (z,0) and the ansatz for h. in

B9) yields,
c%mz%mm+/e%%mm@+m>
0

=/ == Q! (y,0)dy + o(1),
0

where we have used the assumption of induction that wg, f, and w satisfy the n-th order
compatibility condition for (L)), i.e. Q) (0,0) = 0. By using the above expression to define
C, 1, we see that Cp,_1 . — 0 as ¢ — 0 and ug, g, and w satisfy the compatibility condition
for (1) up to order n. Furthermore, from the explicit form we see that h. — 0 in Y. This
finishes the proof of the proposition. O

The corrections to the data associated with (I7)) can be treated the same way.

4 Construction and Estimate of Solution for the Regularized
System

We construct the solution to (L) as a sum of two functions u; and us which are defined as the
solutions of the following systems. w; is defined as the solution to the initial value problem

(41) wy = (Wigy —eury), + G, z€R,t>0,
) ’ul(ZE,O) =Uy, rz € R,

and wo is defined as the solution to the initial-boundary value problem

Ut = & (Ugzy — EUL), x>0,t>0,
(4.2) ug(x,0) =0, x>0,
’UQI(O,t) = —ulx(O,t) = q)(t), t>0.

Here, G and Uy are smooth extensions of g and ug to x < 0, respectively.

4.1 Construction and Estimate of u;

First we solve (4.1]). By taking the Fourier transform with respect to x, we obtain the ordinary
differential equation

{ ’il;lt = ﬁ (—1a§3ﬁ1 + G) s
’&'1(570) = UOa

10



where u is the Fourier transform defined by

wy (&, ey (z,t)de.

tm/

The solution can be explicitly constructed as

t
. 1 .

- — oot c@t-r)___ -~

wi(&,t)=e Uo—i—/o e 1+iaE§G(§,7)dT

where ¢(£) is given by

—a2ett —iag?

(&) = 1+ a2e2¢?

Now we derive an estimate for ;. The estimate derived here will be of parabolic nature, and
will not be uniform in €.

1d
5&{““1H%2(R) + o 82”’11,193”[/2 )} = <'U/1,’U,1t> + 04282<'U/1x7u1xt>

1 2 22 2 2 2 2
< §<HU1HL2(R) + el uralli2m) | — @ ellUinallizm) + Glli2m,)

Similarly, for an integer [ we have

1d
{10k ey + 2o
1
< 5 {10k oy + 22210 w2y ) — el 2l gy + 190G

We also give estimates for the t derivatives of u; because it will come in use later.
The estimates are the same as above and we obtain for integers [ and m,

1d

555100 e, + o221 0w g, |

1
< 5 (100wl + 0710wy ) — 200wl + 10200 Gl

To finish this estimate, we must estimate the ¢ derivatives of w; at t = 0 in terms of Uy and G.
Set ¢, (z) := 0fu1(z,0). As before, by taking the trace t = 0 of the equation, solving for ¢,
under the constraint lim ¢;(x) =0

T—00

1 [e.e]
ou(e) = —— | e = {aUf(y) + Gly.0)}dy.

Through direct calculation, we see that

1 [ _a,
Oou(r) =—— [ e aNady B Uo(y) + 0;G(y, 0) }dy.

Also from direct calculation, we obtain

(4.3) 1052wy < ClOE Ul r2my + 105G, 0) || 12wy

11



Here, we have used integration by parts, that is

_é/ e e (- y)3k+3U (y)dy
| S B D oo I S R A
= |TEEOTONW] v [ e Uy

1 o
= Ea’;+2U0(a;)+ / e—é@—y)ag”Uo(y)dy.

As shown from the above calculation, the constant C' in (43]) is not uniform in .
Taking the t derivative of the equation n — 1 times, we obtain

(:b,ln = { ¢1n+a¢lllzn 1) +atn_1G(7O)}
As before, we obtain the following expression and estimate

1 ° _
aﬁcﬁln(‘r) = e O‘E {aak+3¢l (n—1) ( )—’_81? 185G(y70)}dy7

ae J,

n—1
k —1—j
ok bunlio < € (IWollssaniy + 3 107G 0 sromy ).
—
where C' is a positive constant depending on €. Combining these estimates yields

T
wpﬂwwm<ﬂ@m+a¥w%mm<ﬂ@mﬁ+éuwﬂﬂmuwé®w

0<t<

n—1

. T
< CeT<HUoH§mzm(R) +) Ha,?‘l‘JG(.,0)\\§{l+2j(R)> + C/O " O LG (-, 1)]13 g dt.
§=0
From the boundedness of the extension, we have the following estimate on the half-line.

T
wp@wwwm>W+aﬂwmm uwﬂ+4|w@#mmw%t

0<t<

n—1 ) T
< CeT<Hu0||l2+2m +> Hatn_l_]g('70)‘|l2+2j> + C/O ' |0 ALy (-, 1)) dt.

J=0

4.2 Construction and Estimate of u,

Now we solve ([£.2). First we take a look at the compatibility condition. We derive the com-
patibility conditions for (4.2]) and check that it is satisfied at the same time. Suppose that the
initial data and the forcing term satisfy the compatibility conditions for (L7 up to some finite
order. The zero-th order compatibility condition for (£2)) is ©1,(0,0) = 0. From the way we
defined u; and the compatibility condition for (7)), we have

—ulx(0,0) = —qu(O, 0) = 0,

so that the zero-th order compatibility condition for (£2]) is satisfied. Now we look at the
first order compatibility condition. Taking the ¢ derivative of the boundary condition, we have

12



U242(0,0) = —w14,(0,0). Taking the trace ¢ = 0 of the equation in (£.2) and setting ¢ (z) :=
ug(z,0) yield

1
[
Poy = s Po1-

Solving for ¢4, we have

1

$21(7) = a1 (0)e a=".

For ¢4, to be integrable, ¢o;(0) must be a zero vector, thus making ¢, (x) = 0 for any x > 0,
from which we can deduce that the first order compatibility condition for (£.2)) is u1¢,(0,0) = 0.
Taking the trace t = 0 of the equation in (4.1]) and setting ¢;;(x) := w(x,0) we have

¢ = ——qbu + {aU’” + G}.

As before, solving for ¢;; and imposing the integrability of ¢; we arrive at

1 o0
$ui(r) = —— [ e 2= {aUf(y) + Gy, 0)}dy.
ag J,
If x is restricted to z > 0, Uy and G can be replaced with ug and g, respectively, because they
are extensions of the respective functions. Taking the trace t = 0 of the equation in (7)), setting
¢, () := ug(x,0), and solving for ¢p; we have

(4.4) <151($)=—04iE : e~ a @ Laul (y) + g(y,0) }dy
= ¢q1(2).

Taking the t derivative of the boundary condition in (7)) and taking the trace x =0 and ¢t =0
we see that @) (0) = u(0,0) = 0, which gives

u11,(0,0) = ¢1,(0) = ¢1(0) =

where we have used (4.4]). The above shows that the first order compatibility condition for (4.2])
is satisfied.

In the same manner, we set ¢, (z) := Jfui(z,0), ¢y,(x) := Ofus(z,0), and ¢, (z) :=
Of'u(x,0), where ¢,,, and ¢,, can be expressed using given data only as in section 3. We will show
that the n-th order compatibility condition for (4.2]) is satisfied by proving that ¢, = ¢,, and
¢, = 0. We prove this by induction, so suppose that ¢, = ¢, and ¢, =0fork=1,2,...n—1.
We note that from the compatibility conditions for (7)), ¢}(0) = 0 for 0 < k < n. These
functions satisfy

b1 = @[, 1) — e, + O G,
¢2n = a¢,2/2n 1 a€¢,2n7
b, = agll_| —acd, + 9 ' g.

The above is obtained by taking the derivative of the respective equations n — 1 times with
respect to ¢ and taking the trace ¢ = 0. First, we see from ¢y(;,,_1) = 0 that

1
¢/2n = __¢2n'

(0735
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As before, from the above equation along with the necessity that ¢, be integrable, we see
that ¢,,, = 0. This implies that, through the boundary condition, the n-th order compatibility
condition for ([£2]) is 0yu1,(0,0) = 0. Solving for ¢;,, and ¢,, we have

1 g e
Su(r) = —— | e 2N agl(, () + 077 G (y,0) by,
1 [ _a1,_ e
Gulw) =—— [ e as @ gl | (y) + 07 g(y, 0) }dy.

Again, from the assumption of induction and the fact that Uy and G are extensions of ug and
g, respectively, we see that ¢, () = ¢,,(x). So we have

' u12(0,0) = ¢1,,(0) = ¢;,(0) = 0,

which shows that the n-th order compatibility condition for (£.2]) is satisfied.

Now we construct us. From the preceding arguments, we saw that dgg’ (0) = Fuy,(0,0) =0

for 0 < k < n, so it is natural to construct and estimate wo in Sobolev—Slobodetskii spaces.
Taking the Laplace transform of the equation yields

{ TUY = QUoer — QAETUL, ~ x>0,
w2,(0,7) = —11,(0,7) = B(7),

where 7 = h+in with A > 0 and n € R. We show the following properties about the characteristic
roots of the above ordinary differential equation.

Lemma 4.1 For h > 0 and € > 0, the characteristic equation, \> — e\ — =~ =0, has ezactly
one root A satisfying RN < 0. We will denote this root as p. Furthermore, there are positive
constants 1y and C' such that for |n| > no the following holds.

'u—\@( L) 2] <

Proof. First, we look at the asymptotic behav10r of the roots as n — +oo. Dividing the

C.

characteristic equation by 1%/2 and setting A= W we have
< h - ~ h 1
(4.5) P B R )
U a2 an!/

Taking the limit n — 400, we have
AP —ied = 0.

The solutions are A = 0, j:\/_ . The root \/_ —1 +1) corresponds to our desired root
of the original characteristic equatlon We must consider the root 0 in more detail. By setting
A =0+ecn 2 +0(n") and substituting it into (X)), we get from the coefficients of terms
O(n~'7?),

—1661 —i—=0.
(%

This gives ¢; = —é > 0, hence only one root with a negative real part exists for sufficiently
large n. The case n — —oo can be treated in the same way. Now we show that for any h > 0

14



and n € R, there are no pure imaginary roots, which, combined with the continuity of the roots
with respect to the coefficient of the characteristic equation, proves that the number of roots
with a negative real part does not change.

We divide the characteristic equation into its real and imaginary parts. Setting A = a + ib
we have

h
a® — 3ab® — cha +enb — — =0,
a

5 4 3a%b — ehb — ena — g —0.

Suppose that a pure imaginary root exists, which corresponds to a root with a = 0, we then
have

h
enb="2, b3 —echb— 1 =0
« «
From the first equation we have nb = % Multiplying the second equation by b and substituting

for nb yields

h
—b* —ehb® — —— =0.
a’e
Since we are considering h > 0 and € > 0, the above relation is a contradiction. Thus, no such
root exists. ([l

From Lemma ], we see that the Laplace transform of a square integrable solution to (4.2])
can be expressed as

ws(z,7) = 'i’(T)e“x,

=~

where 4 is the root of the characteristic equation mentioned in Lemma [£1l We estimate us in

Sobolev—Slobodetskii spaces. To estimate us in H}ll’l/ 2(Qoo), we use the following norm.

> || ¢ a S
>/ H (7)) [l an.
j<t 7T

Since
M s .
S () e (e,
we have
Py i 26D )2 2
2(. = B|2|ee
S| = [ e
; ~ 1
— 120112 ( —
POV (<)
So we have

| I gy
Jﬁaj‘axj(”T)

2

. 0o . 1 .
r=id :/ &(7)|2|u(r) 20D <7> 7" dn.
ritan = [ 1@ PP () el

15



We divide the above integral into two parts, namely the part with || > ng and |n| < ng, where
7o is defined in Lemma A1l From Lemma 1] in the domain |n| > 19, we have the asymptotic

expansion
€ .
p—vgv4+mmm

which implies, by taking 7o larger if necessary, ]ﬁ] < C. So we have

- . 1 . -
®(7)|?|pu(r 2(-1) <7> " idnp < C P(T 2Tl_3/2d7],
[ e (g ) RO

~7—27—2(]-_1)#7'%3' OO~7—2.
[M%@(HWUI (s ) =€ [~ i@kan

Combining these estimates we have

<C,

2 2
u < Clllu —i1/o—

(Qeo) (Qoo)

< C|||ul]]? .
< Ol g,

By choosing | = 2k for an integer k£ and from Sobolev’s imbedding theorem, we see that

uy € HM(Qr) — C([0,T]; H*2(R.)),
(4'6) om U9
“otm

for m < k. We mentioned in section 3 that the given data can be taken as being smooth as
desired while satisfying the necessary compatibility conditions, so the above construction of the
solutions, estimates, and inclusions of function spaces imply that for an arbitrary integer [, we
have constructed a solution of (7)) such that

e H}* ™R Qr) < (0, 7] H2EM2(R,),

!
u € ﬂ C’j([O,T];HQ(l_j)(RJr)).
§=0
To prove the uniqueness, we derive an energy estimate for the solution of (7)) directly. We

calculate the following.

<l + 0% kg |} = (o, + 022 e e

< —au(0,t) - ugp(0,£) + O‘—s\u(o,tw — e ugg?

1
+ 5 (lull” + 0% [ua ) + gll*,

2 dt{Hu$H2 ta 52||uww|| } = (Uz, Uzt) + a2€2(um,umt)

[0
- §|ufm(0,t)|2 - a25||ummm”2 — (Uzz, g) — @8(Uszz, )
— 02e2(0,1) - Uz (0,1) — Aty (0,1) - g(0,1)
(6
- §‘uxx(07t)’2 - a2€”ua}xazH2 - (u:cxag) - aE(u:{:xmg)

— agUyy(0,1) - u(0,1).
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On the other hand, we have from the equation,
”ut + aEutl‘”2 = ”au:c:c:c + gH2'
Expanding the left-hand side gives

g + aeug||” = [wl® + 20 (wg, wgy) + |||

= J|uel|* — aelu (0,8)]% + [l >,

So we have
—aelug (0, 8)* < [lantzee + g|*.
Utilizing the above estimate, we have for any positive

S5ale
18~

—ae|ug, (0,1) - uy(0,1)] < —a’y]um(O,t)‘z + Huxxx”z + C”g”z-

By choosing & < v < 3, both |u;4(0,t)> and ||tze,|/* can be dealt with in the estimates.

Combining all the above estimates, we arrive at

t t
(4.7) \IU(t)\|§+/O Hum(r)llfdréC\IUo\|§+C/O lg(r)l[*dr.

By taking the ¢ derivative, applying the same estimate as above, and estimating [|0Fu(-,0)]|| as
we did in the estimate of w1, we have

k—1
| m+/ﬁﬁumumw<chﬂﬂ%+meg R /H@g>uw)

7=0

By using the equation to convert the time regularity into spacial regularity, we have for any k
satisfying 0 < k <[

T
su 8kut 5 — ‘|‘/ 8kum t 2 _ dt
OgthH t ()||2+2(l k) ) 10; ()||1+2(l k)

-1

T
<O gl + sup ||67g(t)|? .+/ altZdt>.
_(Hmm ;M%wmwmww)oumw

Up to this point, we have assumed that the given data are smooth. Through an approximation
argument, we can relax the assumption on the data and prove the following.

Lemma 4.2 For an arbitrary natural number I, if ug € H*T2(R,),
-1

g € ﬂ Cj([O,T];H2+2(l_1_j)(R+)), and dlg € L*(Qr) satisfy the compatibility conditions up
j=0

to order I, there exists a unique solution w to (L) satisfying

l

T
Z<wM@<%mHﬁAu%mmmwk)

-1

T
< O w30 + su dat)? __-+/ o t2dt>.
<|| 0l12+21 ]Z_%oggTH 2 9 (O3 400-1-5) ; 9,9 ()|l
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5 Solving the Parabolic-Dispersive System

Now we construct the solution w of ([3.I) such that for a natural number !

l
(5.1) ue () {Cj([O,T]; H*P20=)(R)) 0 HY (0, H3+2(l‘j)(R+))} ,
j=0

by iteration. For n > 1, we define u(™ as the solution of the following system.
(n) (n) (n)

U = QUygy + acuy, + Aw, o) u™ ) +g  x>0t>0,
u™(z,0) = ug(z), x>0,
u{M(0,1) = 0, t>0.

u©) must be defined in a specific way so that the compatibility conditions for each successive
iteration will become satisfied. First, again by the approximation argument, we will assume that
ug and g satisfy the compatibility conditions for ([B.I]) up to order N and are smooth. We make
the following notation.

Q(v) 1= aVygs + A(w, 0;)v + g.
We define u(® as

where v(z,0) := ug(x) and for k > 1, ¢, (z) = 88’%)(:5,0) is defined as the solution of the
following linear ordinary differential equation, under the constraint that 1), is integrable over

k k k—1 ; j 1 ? » YT k‘—l—] 1 g ?

N is chosen to accommodate the necessary order of compatibility conditions and regularity.
By defining (¥ as such, the compatibility conditions for each successive u(™ is automatically
satisfied. From Lemma &2, {1}, is well-defined. We prove that {u(™} converges in the
desired function space. From the way that we constructed u(?) we have

! 1-1

. ,
Z sup_||0; U(O)(t)H%Jrz(z—k) < Co | lluol3sorssn + Z Sup ||8tjg(t)”%+2(l—1—j)+3N
o0 OSt<T =0 0<t<T

Setting 2™ = u(™ — 41 we have

2" = 0z, — aczM 4+ A(w,0,)2 D,
2" (z,0) =0,
2M(0,1) = 0.

In the same way that we derived (£7]), we have

T T
sup |12 (0)]13 + /0 1= (0)2dt < © /0 |2 D8t

0<t<T
(CT)n—l

~ (n—1)! M-

18



The above estimate proves that u(™ converges in C'([0,T]; H*(R4)) N L?(0,T; H*(R)). Since
dF 2™ (z,0) = 0, we can prove in the same way as above that dFu(™ converges in C([0,T); H*(R4))N
L? (O,T; H3(R+)). Using the equation we can prove that for 0 < k < [, Ofu(") converges in
C ([0, T); H*+2=F(R4)) n L2(0, T; H3+20=F)(R)). Thus, for an arbitrary I, we have con-
structed a solution of (B.1) satisfying the condition (5.1).

Now we consider the limit € — 0. For this, we derive an estimate of the solution that is
uniform in €. The energy form we use is the same as the estimate we obtained before, but we
use the elliptic term to make the estimate uniform in €. We are still assuming that the given
data are smooth as necessary. We estimate as follows.

ae d
2 dt
+ Cllul? + o ||ug||* + || A(w, 9, )u||.

)
{IIUH2 +a?e?|ug P} < —au(0,t) - s (0,) + — — |u(0, ) ~ §H’uac||2 — a%e|luge

2dt

We choose €1 > 0 such that €1|]A0(w)H%w(0 ToLo(R,y)) < % Then, for 0 < ¢ < 7 we have

5gu
2 dt

0

2
a“e
0.0) = S el = &5

{HUH2 +a E2Hux” } < —au(0,1) - U (0,t) + ‘ :c:c”2

2dt
+Cllul? + llgll*.
Next, we have

Oé2€

12 Humez

0
B dt {Hux”2 +a €2HumH } <= \um(O,t)]z - 5”“%“2

3a5
—”AO( )”%w(O,T;Lw(RJr))Hux”Humz”

— 08 (Ugg, Alw, 8p)u) + C(|[ullf + [lg]?),
where we have used the interpolation inequality ||tz ||? < C|luz|/||tzzz| . Now we choose g5 > 0
so that

%52HAO(w)H%w(o,T;Lw(R+)) < g7 and 24es||Ap(w )‘|%°°(O,T;L°°(R+)) < g. Then, for 0 < e < g9 we
have

0 a’e
{0l < St 0,0 — St & bl + O (el + ).
Finally we estimate

o € )
__Hu:c:c”2 < E‘umx(ovt)P - §Hut:c”2 - ZHumz”2 + C”“H% + ngH2

In each estimate, the constant C' is independent of £ € (0,e¢], where £y := min{ey,e2}. Com-
bining all the estimates yields for 0 < € < &y,

sup [lu(t )3 +5/ (l[ttzaa (D)1 + ellwe N + altzs (0, ) + alucss(0,1)?)dt

0<t<
2 T 2
_c@wm+éumwmﬁ.
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Now we take the derivative of the equation m times (1 < m < [) with respect to ¢ and set
U, = 0/"u. Then, v, satisfies

Umt = OUmzgax — aEA(’lU, aﬂ?)vm + atmg + Fom,

vm(2,0) = ¢y, (2),
Ve (0,8) =0,

m—1

where F,,, = Z < mj— L ) 8" (A(w,d,)) v;. We derive the uniform estimate by induc-
j=0

tion on m. The case m = 0 was just derived, so suppose for 0 < j < m — 1 we have

T
sup [lo;(8)]3 + 6 / 1000 (1) 2
0<t<T 0

. j_2 T .
<C {”’U’OH%-F&]' + sup <H5i_19(‘7t)”§ +Z Hafg('7t)“§+3(m—2—k)> +/ Hc‘?ig(t)Hldt}
0<t<T — 0

with C independent of . Estimating in the same way as before, we have

T

T
lom@OI3 + [ [vmees@)Pdt < Ol + [ (1079 + IFm@®))dt ).
0 0

Now we estimate the right-hand side.

m—1
IFm®IF < C D llvjaa(®)]F,

§=0
m—1 _
where C' depends on the norm of w in ﬂ W (0, T, H 1(R+)). The expression for ¢,,, and its
§=0
derivatives are
1 [ a1, i
Dy Py () = —— | e ac W adiy_1 (y) + Frm1(y,0) + 0" g (y,0) }dy.

Through direct calculation, we see that

1 < 4,
H——/ el y)<I>(y)dyH§H<I>H.
e .

Thus, we can prove that

m—2
[&mll2 < C(HUOHer?m +107 g 0)lla + ) ”8t]g(’70)”2+3(m—2—j)>-
=0

m—1

Here, C' depends on the norm of w in ﬂ CV ([0, T7; H2+3(m=1=7) (R4)) and the norm of 9w in
j=0

L™ (0, T:H 1(R+)), but is independent of €. Combining these estimates and using the equation
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yields

l T .
Z{ sup 107 )H§+3(z—j)+/0 Hf}tju(t)\@m(z—j)dt}

j=0

T .
(5.2) {|uo||2+31+2( sup 1009001+ | 100901 50yt

T
. Haig(t)u%dts}.

Again, we emphasize that C is independent of e. Now we denote the solution of (B.I]) as u® to
emphasize that the solution depends on €. We also recall that g was a correction of f which
depends on ¢, so we denote it as g°. To make the following arguments more simple, we will
make the following notations. Recall that X' is the function space that we are constructing the
solution in, specifically,

l
(5.3) xt=) (Cj([O,T];H2+3(l_j)(R+)) N HI(0,T; H3+3<l—j>(R+))>.
j=0

Y is the function space that f will be required to belong in, and is defined by

-1

(54) Y':= {f; fe (/0,7 H*PUI(Ry)), o1f € LP(0,T; H1<R+>)}-
§=0

Finally, Z' is the function space that w will belong in and is defined as

-1
(5.5) Z':= {w; we (0, T); H*PPU-D(Ry)), djw € L™(0,T; Hl(R+))}.
j=0

We assume that ug € H>TNV(R,), ¢ ¢ YN, we ZN for N > [+ 1, and g° — f in YL
Thus we know the existence of a unique solution u® € X! of 3] with a uniform bound in
XL For 0 < e <& <ep, we set z:=u® —u. z satisfies

2t = OZggg — as’zm + A(’LU, ar)z - a(€/ - €)u§m + 98, - ge’
z(z,0) =0
z,(0,t) = 0.

From (5.2]), we have

T .
2l < G + ) {Z( sup 1000 By + [ Haz“u;a)H§+3(1_1_j>dt)

T T
n /0 \|a£+1u;<t>\|%dt}+ /0 16" = g) ()| dt

T
<OE e+ /0 16 = g°)(O)]Zmndt.

21



Thus we see that there exists a w such that u® — w in X!, and wu is a solution of (LI). We
derive an energy estimate for w to prove the uniqueness of the solution. Through a standard
energy estimate, we obtain the following estimates.

1d 1)

Sl < —u0.1) 2t (0,) — ot + Clul” + L1
1d «o 1)

Sl < P (0.0 |+ C(ul} + 1£12).
1d 2 ¢ 9 O 2 2 2
- <z _Z )
5 dtl!umH =35 |[Us22(0, )] 2HumxH + C(”“”z + 1 F2l )

So combining these estimates, we have
2 T 2 2 T 2
sup [u(®I + [ Jus(0lfar < (luolf + [ Irliar).
0<t<T 0 0

As before, taking the derivative with respect to ¢ in the equation, applying the above estimate,
and converting the regularity in ¢ into x via the equation, we have

(5.6) lullxt < C(llwolla + [1fllyt)-

Here, C' depends on ||w|| 4, T, and 0.

As in Lemma 2] we can relax the condition on the given data by taking approximating
series ug, C H?PN {f }o>1 € YV, and {w,}n>1 € ZV which ug, — ug in H2P3(R,),
fo— fin Yt and w, — w in Z!. Applying (56)), and passing to the limit, we arrive at our
main theorem. For notations of function spaces, see (5.3)), (5.4]), and (5.5]).

Theorem 5.1 For any T > 0 and an arbitrary non-negative integer 1, if ug € H?*T3(R,),
feYl and w e Z' satisfy the compatibility conditions up to order I, a unique solution u of
(L) exists such that u € X'.

6 The Case oo > 0

The case o > 0 can be treated by a standard argument. We start by considering the following
regularized problem.

U = —EUgprr + g, > 0,t>0,

’LL(J},O) = u0($)7 z >0,
(6.1) u(0,t) = e, t >0,
u,(0,t) =0, t>0.

As before, we explicitly construct the solution of (G.I)) in the form u = u' + u?. Where u! is
defined as the solution of

u% = _eu;mmm +G, zeR,t>0,
ul(z,0) = Uo(z), =x€R,

and u? is defined as the solution of

u?z—&?u2 z>0,t >0,
u?(x,0) = 0, x>0,
u?(0,t) = e —ul(0,t), t>0,
u?(0,t) = —ul(0,t), t>0.



The solutions can be constructed using Fourier transform and Laplace transform as in the case
a < 0. We note that in estimating u?, we slightly modifiy the Sobolev-Slobodetskif space to fit
our fourth order parabolic system. For an integer m, we define the space H }T’mM(QT) analogous

to H}T’mm(QT), and we use the case m = 4l and the norm

2 84‘711/
||UHH4H Z o4
ox J

l
Then we construct the solution u € ﬂ C7 ([0, TY; H2+4(l_j)(R+)) NH((0,T); H3+4(l_j)(R+))

j=0
of
U = OUygy — EUgzar + A(w,0x)u+ f, > 0,t >0,
u($70) = uO(x)v x>0,
u(0,t) = e, t>0,
u,(0,) = 0, t>0,

through iteration. Now we need an estimate uniform in €. Via a standard energy method, we
obtain

|| I? < —au(0) - uew (0) + Cllull3 + ew(0) - tage(0) — 8lluas|* + || I,

2dt
1d 2 @ 2 2 2 2 2
5 dt” ug|]® < §|um(0)| — &l ugzel|” — Ol vz ||” + Uz (0) - Uppe(0) + Clluge||” + | £II7,
1d «
5&”“%%”2 < §|umw(0)|2 - 5”832“”2 - 5Humm‘|2 — EUgz(0) - aiu(()) - (umm,Ao(w)um)

= (taaas ) + Cllul3.
Using the equation, we can also get
—EUy2(0) - D3u(0) = =tz (0)[* = g (0) - (A(w, 0 )u) (0) = U (0) - £(0).
From the above estimate, we obtain

1d

B dt” mH2 < _%’uxm(o)P - EH@éuW - %Humxw + C(Hu”% + ”f”%)v

which combined with the other two estimates yields

T T
sup fut )H%Jr/o (€Hum(t)\|§+5Hux(t)||§)dt§C{HUoH%Jr/O Hf(t)H%dt},

0<t<

where C' is independent of €. Taking the ¢ derivatives of the equation and estimating in the
same way, we have for 0 < m <1,

T
Sub O ul(t ; —m +/ amux t 2 —m dt
OStSTH Fultlaram ; 10" v (t) |23 m)

-1 l T
< ol + S I F OB gy + S /0 10 £ ()|
=0 =0
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After passing to the limit € — 0, we obtain the solution of the limit system. Similarly as above,
we see that the solution satisfies for 0 < m </,

T
sup (07w 50 + / 0 2t (8) 2,0y
0<t<T 0

-1

. ! T
<O { lluolpra + Y 107 0)I34a0-1-5) + /Ollﬁif(t)llfdt
0

J=0 Jj=

Thus, we have obtained our second main theorem.

Theorem 6.1 For any T > 0 and an arbitrary non-negative integer 1, if ug € H?*T3(R,),
feYl and w e Z' satisfy the compatibility conditions up to order |, a unique solution w of
([L2) exists such that u € X!

References

1]

8]

[9]

J. Bona, S. Sun, and B. Zhang, Non-homogeneous boundary wvalue problems for the
Korteweg-de Vries and the Korteweg-de Vries-Burgers equations in a quarter plane, Ann.
Inst. H. Poincaré Anal. Non Linéaire, 25 (2008), no. 6, pp. 1145-1185.

N. Hayashi and E. Kaikina, Neumann Problem for the Korteweg-de Vries equation, J. Dif-
ferential Equations, 225 (2006), no.1, pp. 168-201.

N. Hayashi, E. Kaikina, and H. Ruiz Paredes, Boundary-value problem for the Korteweg-
de Vries-Burgers type equation, NoDEA Nonlinear Differential Equations Appl., 8 (2001),
no.4, pp. 439-463.

T. Nishiyama and A. Tani, Initial and Initial-Boundary Value Problems for a Vortex Fila-
ment with or without Azial Flow, STAM J. Math. Anal., 27 (1996), no. 4, pp. 1015-1023.

E. Onodera, A third-order dispersive flow for closed curves into Kahler manifolds, J. Geom.
Anal., 18 (2008), no. 3, pp. 889-918.

E. Onodera, A remark on the global existence of a third order dispersive flow into locally
Hermitian symmetric spaces, Comm. Partial Differential Equations, 35 (2010), no. 6, pp.
1130-1144.

J. B. Rauch and F. J. Massey, Differentiability of solutions to hyperbolic initial-boundary
value problems, Trans. Amer. Math. Soc., 189 (1974), pp. 303-318.

J. Segata, On asymptotic behavior of solutions to Korteweg-de Vries type equations related
to vortex filament with azial flow, J. Differential Equations, 245 (2008), no. 2, pp. 281-306.

V. A. Solonnikov, An initial-boundary value problem for a Stokes system that arises in the
study of a problem with a free boundary, Proc. Steklov Inst. Math., 3 (1991), pp. 191-239.

24



	1 Introduction
	2 Function Spaces
	3 Compatibility Conditions
	3.1 Compatibility Conditions for (??)
	3.2 Compatibility Conditions for (??)
	3.3 Corrections to the Data

	4 Construction and Estimate of Solution for the Regularized System
	4.1 Construction and Estimate of  u1 
	4.2 Construction and Estimate of  u2 

	5 Solving the Parabolic-Dispersive System
	6 The Case  >0

