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x,y)—(a,

(2) fO0DOODOODOOOfODO0D (6,b)000000000000
f0DOD0OODDOODOOOODONOONONDOONONO0ONDN0DNDN00O
¥(a,b) € D Ve > 030> 0V(z,y) € D (|l(z,y) — (a,b)|| <8 = |f(z,y) — f(a,b)] <)

2000 ¢(z)000 yOOO ¢(y)0 1000000000000000000 (z,9) 0000
0000000000000¢(x)000y0000000000000000000200000
00000000000043000000000000000000000000200000
000000 22000000000000000000 230000000000000000
000000000000000000000

00 4.1 f=f(z,y) D R2000 DOOOOOOOOOOO¢=¢(t),¢=4@¢)000 7000
00000000 (¢(8),%(t) €D (ve)D00000000000000F(®):= f((t),9(t))
00000000 FOOOOO 0000000

041 0041000000

042 041000000000000DDO0DOD0ODOOOODOD

(1) 00000000 fO0R20000000

Zu ((w,y) # (0,0))
! 7ty
fa) {o (z.9) = (0,0))
(2) O0d0 ¢e00000000obodonoooooooon fD(0,0)DDDDDDD

o B (@) #0,0)
fwy) {a ' ((z,y) = (0,0))
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0 4.2 00000000 R?0000 f0O(0,0)000000000000D0O000ODOO

23—y

= ((z,y) # (0,0))
1 z, _ e+
1) f(=z,y) {0 ’ ((z.y) = (0,0))
HL ((z.y) # (0,0))
9 x, — T4+
(2) f(z,y) {0 ! ((z,y) = (0,0))

4.2 0O0O0O0O0OOO
00 44 DO R20000 (a,b) eDO00 f=f(z,y)0 DOODODDOOD 200000000

(1) fO(e,b)0 2000 yOOODODODDOODODODODOOOOODDOOOOOOO

of _ . fla+h, b) f(a,b)
%(aa b) - fx(a'a b) T ilzl—)O
of (ab+h) f(a,b)

a_y(aa b) = fy(a’a b) = }lll 0

0000000000000000 fo(a,b) 000 f,(a,6) 00000 (a,b) 0000 f0
000y0000000000000

(2) f01DO0z000y0000000000000000000 f0DOOOOzO0O0Oy
00000000000000000000000D000 (2,y)0 folz,y) 000 f,(z,y)
ooooooon f, f,0000000000 f0«2000y0000000000000
00000200000

0 0 0 0

f:va fxy:_fxa fy:v:_fya fyy:_fy

Jaz = oz oy ox oy

gboogbooobdn0b00bOo0o0obOobDbOobboobo0ooobLooon

3) f0DOnNO0OODOOODODOOOO fODOC"OUODODOOUOOfORODODOOODOO
oooo0oooooOoOooooooOooooopbpOo CrOoODUOoDOODUODODO Cc~(D)oo
000000 f0 DOODOOOOOOOODODOOO fODOCOOO0OODODOfOOO
0000000000000 000O0000O00O0DO C*00000b0noOoOn C°°(D)
agooo

goooboobooboboboooboobooooboobuoobuoob 0000 yOO
gbobooboooobobooboboobobobobooboboboboobolobobon
gbobobuonooobooobdte00obob0ooboobobonobobboboybood
gbobobobo «00000DbO00bO0o0boobooobo

0 4.3 f(x,y)=log(z?+4?) 0000020000 100002000000

_ 1 0, 5 oy 2x
fm($ay) - x2+y2 a’L‘(x +y ) - x2+y2
0 2z 2 21)? 2(y? — 22
foa(m,y) = (2 )Z 2 2 2( )22: (2 22)
gr\a2+y2) 22+ y2 (224122 (2% +1?)
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DDDDDDMDDDDDDDDDDDDDDxDyDDDDDDDDDDj@uwyzgtﬁ

00000000000000000000 f(z,y) = log(x? +42) O

fez(z,y) + fyy($,y) =0

OO00000bUO Laplacel DD 000000 OoboooooboobooboobbooboonbooD
gboobooobooooooo

0 43 0000000020000 f=f(z,y) 00000 f,000 f,000000

(1) flz,y) =2 (z>0)
(2) f(z,y) =arctan (y #0)
) fa) = { iy (@07 00)

0 ((m,y) = (0,0))
200000 fop(2,y) D00 fro(z,y) 00000000 foy(@,y) = fye(z,y) 0000000
0000000000« 00000000 y0OO0OO0O0000O f, 0000000000000
O0yOOO0O0O0000 00000000 f,0000000000000000000000
goooboboobooboogooobbobtooddddoddoodddgyggUgggo -»
gL DD DO OO
gogoooboboooobboooooboobooooooboboooobooood

~

00 4.2 f=f(z,y) 0 R2000 DOO0OOO0D0O0OO00000000 fo,fe 0 DOOOD
00 (a,6) 0000000 fay(a,b) = fye(a,b) 000000

00 pOOD0D0OOO0OOO0DUOOOOOOr»>00000 (a,b)00000000 00 By(a,b)
000 DO0O0O0O00UD0OOVA+k2<r000000000 AEOOOOOOO g=g(h,k)
goboooon

g(h, k) := fla+h,b+k) — f(a,b+ k) — f(a + h,b) + f(a,b)
00000 ¢(z) := f(z,b+ k) — f(z,b) 000000000000 3600000000

g(h, k) = dla+h) — d(a) = ¢'(a + O1h)h
= (fola+61h,b+ k) — fola+61h,b))h
= fuy(a + 01D, b + Ook) bk

0000 6,,0,€(0,1) 000000000000 f0 (e,b)000000000

. g(h, k) -
1 = 1 01h,b+ 05k) = b 4.1
(h,k)gI%O,O) hk (h,k)IE%O,O) Joy(a 61k, b+ 62k) = fay(a,0) @)

00000000004%(y) :=fla+hy) — fle,y) 0000000000000000

g(h,k) = (b +k) —(b) = ¢/ (b + O3k)k
= (fy(a -+ hyb+ B3k) — fy(a,b+ 05h))
= fyx(a + 04h, b+ ggk)hk
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0000e6s;,60,€(0,1) 000000000000 f,,0 (e,6)000000000

: g(h, k)
1
(h,k)IE%O,O) hk

fy:v(a+ 93hab+94k) = fy:v(a'a b) (4-2)

lim
(h,k)—(0,0)
0000(41)000 (42) 00 fuy(a,b) = fye(e,b) DO0O0DOO0OO

O0ooooooooooooof=f(z,y) O DO C"OOO0OOfO0ROOOOOOOOOO

000000OooOO0O0000oDOOo0O0000ooOoO0o00ooOo00oooDOoOoooogfo
C300000000300000000000000000

fxxy:fxym:fyxxa fxyy:fyxy:fyym
DDDDDDDDDDfD CnDDDDDDDfD 0000 mUODOyODOOOIO0O0DODOOO
m+<n00000000000000000O0000

8m+lf am-i—l

W(:ﬁ,y) goog (%Taylf(fﬁay)

o0o0fy,=f,,0000000000000000000000

044 00000000 R20000 f=f(z,y) 00000 f4,(0,0) =00 f,,(0,0) =100 0
0ooooooo

o F (@) £0,0)
f( 7y) { 0 Yy ((x,y) " (0’0))

0000000000000000000000000000000000000000000
00000000000000000000000000000000000000000000
00000010000 f00000 f(@00000000y=f(z)00000 (e, f(e)00
000000000000000000000000000000000000000 y=f(2)
000000000000000000000

00000020000 f=f(z,y)0000000000000000000 £0 (a,b)00
0D00000000300000000000 z=f(s,y) 00000000000000000
000000000000000000000000000 2000000000000000
DooooO

00 45 DO R20000 (a,b) D000 f=f(z,y)0 DOODODOOD 200000000

(1) fO(e,p)0 00000000 OCODOOOODOOOOO pgOOO0OODDODOOODO

f(@,y) — fa,b) = p(z —a) + qly — b) + o(|[(z,y) — (a,0)]]) ((z,y) = (a,b))
oooo
- f(z,y) = f(a,b) —p(x —a) — q(y — b)
(z.y)—(a:b) V(z —a)?2+ (y —b)?
(2) f0 DOOOOOOOOCOOOOfO DOOOODOODOOOOOODOOODO

=0

gbbooobooobboobboooooboboobooooobboobboooobooo
gooobooobooobo
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00 4.3 f0 (¢,b)000000000000000000000p = fu(a,b)000 q= fy(a,b)
oooooO

00 0000 fla+h,b) — f(a,b)=ph+o(h) (h— 0000000

f(a+hab)_f(aab):p+0(h) —p (h—>0)

h h
0000000000 f0 (0,b)0 2000000000000 fu(a,b) =p000000y0O0
ooooooooOooooon

00004300020000 f0 (e,b)) 000000000000300000000 2= f(z,y)
00000 (ab, f(a,b) 000000000000

z_f(aab) :fl‘(aab)(x_a’)+fy(a7b)(y_b)
gooooooood

ooboo4300b00boooooooboooooboboobooooooobooboobooon
goobobooobobobobooboboboboobbooobooobbooobooobo
gbbobooboouoobooboooboboobuoobooboooo

00 44 f=f(z,y) 0 R2000 DO C'00000O0f0DOOOOOOOOOO

00 (a,b) e DODDO0OOOOODOOOONONONONOOOOOOOOr>00000 (a,b)0
0000000 »00 By(e,b) 000 DOODODOOOOOOOVRE2+E2<r000000000
h,kOOOOO f(a+h,b+k)— fla,b) O

fla+h,b+k)— fla,b) = (f(a+h,b+k)— fla,b+k)) + (f(a,b+ k) — f(a,b))
0000000 DOO00bO0D0DOO00O ¢,y 000000000
o(t) := fla+th,b+E), P(t) == f(a,b+ tk)

O0000¢,»0000 [0,1]0000000 (0,1)00000000DO0O0O0OOO0OOO0OOO
0000000 6,0,€(0,1) 000000

fla+hb+k) — fla,b+k) = (1) — $(0) = ¢/ (61) = hfola+ O1h,b+k)
fla,b+ k) = f(a,b) = ¢(1) = 9(0) = ¢'(02) = kfy(a, b + 02k)

000000 f, /000000
|f(a’+ h7b+ k) B f(aab) B fl‘(a7 b)h' B fy(aab)k|

Vh2 + k2
_|h(fela+01h,b+ k) — fo(a,b) + k(fy(a,b+ 62k) — fy(a,b))]
B WFIP

< |fola+ 010, b+ k) — fo(a,b)] + | fy(a,b+ 02k) — f,(a,b)]

-0 ((h,k) — (mm)

0000000 fO (e,b)0000000000O0OCOOOOOOOOOO



62 040 0OOODOO

4.3 0O0OOOOOOO

00 450000000000 f=f(z,y) D R2000DOO0O00O00¢ = ¢(t),9 = (t)
0000700000000 (4(8),4(t) € D (V¢ € )00000000000000000
F(t) == f(¢(t),»(t)) 000 I0000000000000000

F'(t) = fo($(t),$(1) ¢ () + fy(d(2), % (£))9' ()

00 # €I00000000(x,y) := (6(t),¥(ts)) € DODDOODO0DODODODN g = g(z,y)
0ooooooo

f(z,y) = f(®o,y0) — fa(z0,90)(x — 20) — fy(T0,%0) (¥ — o)

V(@ —20)2 + (y — y0)? ((z,y) # (x0,20))
’ ((z,y) = (w0, 0))

00000f0 (z,4) 000000000000

lim g(z,y) =0 = g(zo, yo)
(z,y)—(w0,Y0)

0000¢g0 PDOOOODOOOOOOOODOOOOOUOD (z,y)ebDOOOO

F(@,y) = f(@o,90) = fal@o,y0) (@ — m0) + fy(z0,50) (¥ — v0) + V(& — 20)% + (¥ — v0)?g(x,y)
000000000000000000 (z,y) = (¢(t),4(t) 00000000 t—t, 0000

p(t) — ¢(to) + £, (0 y0)¢(t) —1(to)

F(t) = F(to) -
t— 1o t—1to

— +G(t) (4.3)

= fz(z0,90)
goodoooono

G(t)| = ‘ VW — 30 + B0 — () 9(4(1), (1))

t—to

9 2
:\/ (PO =) (PO g, )

t—to
= V(¢ (t0))? + (¢ (t0))2g(mo, 40) =0 (t = to)

00000043)00000t—=t0000 F'(to) = fa(zo,y0)9'(to) + fy(zo,y0)¢' (to) 0O O
gooobooooobooo

000000000000000f(z,y) 000 z=¢(),y=+4(¢) 000000000000
000000000000000000000000

df _ ofde , 0f dy
dt Oz dt Oy dt

045 f=f(r,y) OR?’0C?200¢=9¢1),y=9(t)0 RO C’°0000000000000
0000 F(t):= f(o(t),v(t)) 020000 F"(t) 0 f,¢,00000000000000000
oooooo
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00 46000000000 D,QOR?20000f = f(z,y)0 DODOOODO0¢ = $(u,v),1 =
Y(u,v)0 Q000000000 (p(u,v),9(u,v)) €D (V(u,v) €Q)D000000000000
0000 F(u,v) := f(é(u,v),9(u,v)) 000 QODODOO00000000000O0OO

{ Fu(uav) = f:v((ﬁ(uvv)vw(uav))qsu (U,,U) + fy(qﬁ(u,v),w(u,v))i/)u (U,,U)
FU(U,U) = fm(¢(u,v),¢(u,v))¢v (U,,U) + fy(qﬁ(u,v),iﬁ(u,v))wv (U,,U)

U0 O00o00000«.000000000w=t00000»=t000000 4500000
oooomoooo

(4.4)

D00000000000000 f(2,9) 000 2 = ¢(u,0),y =9(u,0) DO0DD0O00D00
oddooodooooooooooooooooooao
of _ofos ofay  of _ofos ofoy
ou Ordu Oy ou’ ov  O0xdv  0Oydv

0000000000 y=f(u)Du=g(x 00000 y=f(9(z)) 00000

dy dydu

de ~ dudz
000000000000000du0000000000000000 0000000000
0000dD0000000000000000000000000000000000000
0000000000000000000000000000@45) 0000000000 920
D09y0O00O0D0D0D000000%% =% gppo ¥%& =9 gpopoooooo

or Ou oy Ou
0000000000000 000000x00oy00000DOO0O0OOODOODOOOODOODO

of dx , 8f  Ofdy , df

Oz Ou ” Ou’ Oy ou " Ou
000000000000 0000000000 y=f(z)0000z=f'(y)00000

dx 1

(4.5)

od0dodoodooooooooooooooooooooooooooooooog
ox 1 dy 1
ox oy

obobooo20b0b0oboooooboboouoobobobobobooboboobOobooboOon
gboboobooobobobooboobbooboobood

DDDDD%DDD %DDDDDDDDDDDDDDDDDDDDDDDDDDDDDD
O000000000O0O0O0O0OODOOOOOOMS) 00000 f=w,v0OODODODOODODOOOO

F(u,v)=u,v00000000000000CO0MOOO0OCOO0OODOOOODOOOOOOOO

oooooood
ou  ou oz oz \ !
or Oy _ ou  Ov
or Oy ou  Ov

10 du  du oz Oz
_ or Oy ou  Ov

o 1/ \ & & dy Dy
or Oy ou  Ov

0000000 10000000000 (46)02000000000000000
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(44)000000000C0DOOO0O0OODOOO0OOCODOOOOOOODOOOO

(B - e (s)

OD0000zy000000w 00000000 z=¢(u,v),y=4v) 00000000000
00 f0 200000000000 f,f,0 wODO0D0OO0O0O0000OO F,F,0000000
000000000000O00O0

0 440000000 f=f(z,y)0 R*O0D0O00D000O0(0)000000000 (z,y) =
(reos@,rsinf) 0000 fO000O0O00O0OOOOO F(r,0):= f(rcosf,rsinf) 00O OO0
goboo 460000000000

Fy(r,0) = fo(z,y) cos O + fy(z,y)sinf
Fy(r,0) = — fo(z,y)rsin@ + fy(x,y)r cos O
gooooood (w,y)DDDDDDDDDDDD (T,H)DDDDDDDDDDDDDDDDDD

gooboboobbooobooobooobbooobooobooobboobboooboo
00oooooooooo f,000 0000000

%f(w,y) = cos O%F(r, 0) — %sin@%F(r, 0)
a%f(w,y) =sin0LF(r,0) + L cos 02 F(r,0)
o0ooooooooooooooooooonod
98 sinf 0 0 .98+c0s98
— =cosf— — —— — =sinf— + ———
ox or r 00’ oy or r 00
oo0oooooood
Wf+Wf_WF 1Mf¥1WF
ox2  Oy2  Or2  ror  r?2 002
00000000000000000 (2,y) 0000 LaplaceD0DD0O0OOODOO (r,d) 00000
oo0oooooooooa

046 0000 f0R2000000 C?000000f = f(z,y) 0 2 = ucos® — vsinhO
y=usinf+vcos 0000000 F(u,v) := f(ucos —vsinb,usind +vcosf) (= f(z,y)) O
Oo0ooooooboboooooooooood

(1) (Fu(w,v))? + (Fy(u,v))* = (fa(z,9))* + (fy(=,9))°
(2) Fuu(u,v) + Foo(u,0) = fou(2,y) + fyy(2,y)

4.4 200000 TaylorO OO GO OO

00 4.6 f= f(x,y)0O R2000 DOODODOOO0OO0O0O0OAREKODODODOOOOOOOOO
(b5 + kL) f(zy) == hfo(z,y) + kfy(z,y)
(h + k2)" flz,y) o= (h + kZ) (2 + k2)" f(z.y))

D00000000 (b2 +42)" 000000000 (hZ+k2)'f=f000000000
00000000000000000000000
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DDDDfGCOO(D)DDDD
2
(W +kZ)*f = b2 fun + 20k fuy + K2 fyy
3
(h%_’_k%) f:h3fxzz+3h2kfzxy+3hk2fxyy+k3fyyy
gooooooooooooooon

%) i "J
(i) =% () g

00 4.70Taylor 0000 f=f(r,y)0 R2000 DO C"00(a,b) € DOAEOODODO (a,b)
000 (a+h,b+k) 00000 {(a+th,a+tk)|0<t<1}0 DODDD00O0OOOOOO
000000000 #e(0,1)000000

fla+hb+k)= i: Oﬁ—+ka)%mﬁ%+%(%%+k£»nﬂw+%w+ﬂm

00 ¢m::ﬂa+Mﬁ+MﬂDDDDDDD¢DDDD[QHDDDDDDD(WDDDDDD
00000100000000 Taylor 000000 311000
n—1 1 ) 1
=2 5490 + 5670 (47)
j=0
00006€¢(0,1)000000000000000000O0O0 45000
d@):f4a+tmb+tmj(a+ﬁn+Jua+¢hb+t@j(h+%)

= fz(a+th,b+tk)h + fy(a +th, b+ tk)k
= h3+k2 fla+th,b+tk)
Ox oy

gboboobuoobooobgoooo

oz
goo (4.7)DDDDDDDDDDDDDDDDHDDDD

¢U7u)=:(hfz-+kg%>]f@z+th,b+tk)

O00obO0 TaylorOODOO 2000000000 0DO0OO0ODO0ODOOO

00 47 DOR20000(a,b) e DOO0 f=f(z,y)0 DODOOO0 200000000
(1) fO (e, 0000000000 OOOOOOOOOCOOOOOODO rO00O0O0OOOO
(z,y) eR200000000000000000
0<||(x,y)—(a,b)||<7" = f(xay)gf(aab) (DDD f(xay)<f(a7b))

00000 f(e,b) 00000(e,b) 00000000
(2) fO (¢,)000000000000000O000O0O0O00000O0 »r00000000
(z,y) eR200000000000000000

0<ll(z,9) = (@b <r = flz,y)>fla,b) (OO0 flz,y) > f(a,b))
00000 f(e,b) 00000 (e,b) 00000000
(3) 00000000000000000000000000000000O0
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gboooao

10000 f=f(z)0000000000 f(a)=0000 «0000000O0D00OO0DOOO
goooobooobooobooboobo20b00o0oo0obooooboboboobooooboo
god

00 48 DO R20000 (a,b) e D000 f=f(z,y)0 DOODODOOO0 200000000
f0 (e,b) 00000000000 (a,) 00000000 foa,b) = fy(a,b) =0000000

00 2000 ¢(z) == f(z,b)0 2=e¢0000000000 2=e0000000000000
¢(a) = fr(a,) =00000000000y000 ¥(y) := fla,y) D y=b000000000
0y=b0000000000000¢(b)=f,(a,b)=00000000000

fola,b) = fy(a,b) =0000000000 fO (e,b) 00000000000 OODOO 100
00000000000000002000000000 100000000000000000
000000000000000000

0000 f(z,y) =2?—y*0000000000000 fo(z,y) = fy(z,y) =00000 (z,y) =
(0,0000000

r000 f(2,0) =220 z=0000
yOOO f(0,y)=—y?0y=0000

00000o0o0oooOofO(0,0)0000000000000O00DODOOOODOOOOOOOOO
gboobogoobooboubooboobobobobooouoooboboooouoooaooayd
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00 48 DOR?20000(e,b) e D000 f=f(z,y) D DOOOODOD 200000000
(e,b) 0 fO00000D00000000000 fu(a,b) = fu(a,b)=000000000000

gbboobooboboobooboobooboboooooboooboobobooboboobo
gobobooboobooboobooboobooobioboobobboboboo20000@
gboogoboooboobobooboobooboobon

00 490000000 DO R20000(a,b) € DOf e C?(D)O fo(a,b) = fy(a,b) =000
00000DOO0D0O00000d=d(zy) 00000000

d(z,y) = fxx(x,y)fyy(x’y) _ (fxy(:v,y))2 — det < Jrz(2,y) fIy(I,y) )

f:vy(xvy) fyy(xay)
(1) d(a,b)>0000

(i) faz(a,b) >00000f0 (a,b) 0000000
(i) foe(a,b) <00D0O00f0 (a,b) 0000000

(2) d(a,b)<00000f0 (a,b) 000000000 (e,b)0 fO00000000
00 (1) PO0O0OO0OOOO0O00O0O000r>00000 (6,0) 00000000 ¢ 00O

B.(e,0) 000 DOOOODO0OOO0O0OOVR:+K2<r000000000 hkODOOOO Taylor
ooobooo 4700

fla+h,b+ k) — f(a,b)
= fu(a,b)h + fy(a,b)k
-+%Uﬂhﬂa+9mb+9m4ﬁmhhﬂa+9mb+9m+Jﬁhﬂa+0mb+0m}
0D00Ae(0,1)000000000
A= fop(a+0h,b+0k), B := fu,(a+0hb+0k), C:= fy(a+0hb+0k)

0D0000000000000000

1
fm+mb+m—fmmy:?AM+zmm+cﬁ)
ZEZ(Ah+Bm?+m0—B%W}

0000AC —B?=d(a+6h,b+0k)0000000d(a,b) # 00 fur(a,b) £000000 h,k
000000000AC-B20000d(e,b)00000000A0000 fue(e,b)000000
000000000000 (1)0000000

(2) DODODODOOOOOO

fla+h,b+k) — f(a,b) = =(Aph® + 2Bohk + Cok?) + o(h* + k%) ((h, k) — (0,0))

DN =

00000000004y = fee(a,b), Bo = fay(a,b),Co = fuy(a,b) 00000000 AgCo—B2 < 0
0000004, >00000000y=0600000 f00

~

fm+h&%:ﬂ@m+%AM?+dﬂ)
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OhA=0000000 (¢,0) 0000000000 Ag(r —a)+ Bo(y—b)=000000 f00
1
f(a+ Boh,b = Aoh) = f(a,b) — 5 Ao(B§ — AoCo)h” + o(h?)

OrA=0000000 (e,b) J000DDDO0OO0O0O (a,b)0 fO000000A 0000000
oooooooooooon

10000000000 3.150000000000f0000 0 f"e)=000000000
gboobobobobobobooboboobuobboobooboobobob200b0bOD
0000O0d(e,b) =000000 fO0 200000000000 fOOOO0O0OODOOOOOODO
gboboboobobooobooobboobobboobooobooboobooboonon
gbooobooobooobon
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